Impossibility to describe repulsion with contact interaction 
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Abstract 

Contact interactions always lead to attractive behavior. Arguments are presented to show why a repulsive interacting 
system, e.g. Bose gases, cannot be described by contact interactions and corresponding treatments are possibly 
obscured by the appearance of bound states. The usually used cut-offs are identified as finite range parameters. 
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The contact interaction 

V(r) = A6(r) (1) 



in terms of the scattering length «o lll|2I] and mass m, i.e. A = -4jrh 2 ao/m, is often used as a pseudopotential 13|,|4J] to 
describe attractive ao > or repulsive ao < behavior. We follow the convention for ao of H which has an opposite 
sign of jfj. Especially in field-theoretical approaches it is customary to characterize the attractive/repulsive behavior 
of the contact interaction by the sign of the scattering length. In this note arguments are collected to show why an 
attractive potential is effectively generated every time when a contact interaction is used independent of the sign of 
the scattering length and therefore a repulsive behavior can never be reached. 

As a first step let us examine the off-shell T-matrix for two scattering particles with momentum k and p [7] without 
medium effects in 3D, 

7k,p,q0>) = V(q) + V V(q') j 2 r k+q - )P _ q » jq _ q -(w). (2) 

a < 0) — — + it] 

The bare T-matrix from the contact interaction A6(x) reads T(a>) — A/(l - AJ(a>)) with [Im/ < 0] 
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In order to keep the scattering length finite the cut-off qo can be related to the experimental scattering length ao by the 
phase shift tp 



lmT(h 2 k 2 /m) 

a k = tan <p = - _,, fe2;2/ , (4) 
Re T(n z k z /m) 



which leads to an interaction strength 



4nh 2 a 1 

A [qo] = j—-- (5) 

One sees that the attractive/repulsive character of the contact interaction follows the sign of the scattering length ao as 
long as the cut-off qo is below the critical value -nhjlao- Attractive behavior remains attractive for all cut-offs. But for 
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repulsive scattering lengths, ao < 0, there appears a sign change for larger cut-offs rendering the potential effectively 
attractive again. This puzzling behavior is due to the regularization to reproduce the scattering length which enforces 
a bound state. Indeed, introducing the running coupling constant © into the T-matrix leads to 



4nh 2 at) 1 

T(oj) = ■ . (6) 

m 1 + f| yj-mo) 

A bound state, a> = —E < 0, as a pole appears in © only if yfrnE — — ^ i.e. for ao < 0. Please note that due to the 
Levinson theorem ||5|] the phase shift falls off from n with increasing momenta such that a® < and the phase shift 
remains positive, i.e. attractive. It is not the sign of the scattering length but the sign of the phase shift that determines 
the attractive or repulsive behavior. Indeed, we do not have the case of negative phase shifts, i.e. repulsion, for contact 
interaction. One sees this by investigating the on-shell T-matrix (O for cj = h 2 k 2 /m which reads, [see also (51a) of 
Jl], 

T = -|^ = - M2fl °, \ ■ (7) 
m 1 - ikciq 

Examining imaginary and real parts lead to cos (p = 1 + 0(k 2 ) and sin <p = kao + 0(k 2 ). For negative scattering lengths 
ao < we obtain <p = n + kao + 0{k 3 ), i.e. a bound state and positive (attractive) phase shifts and for ao > we obtain 
<f> = kao + 0(k 3 ) and no bound states but still positive phase shifts. This shows that a repulsive behavior characterized 
by <p < cannot be reached. In other words by fixing the scattering length (0]l we obtain a running coupling constant 
<j5j just in a way that every time attraction is realized. For large cut-offs go we have an attractive potential strength A 
in both cases ao 0. 

We note that the same result (|6]l appears and the above discussion applies to the regularized potentials [8] 

nr)=S(r)(l+r|-j (8) 

used in atomic physics, e.g. for multiple ionization problems |01 or cold atoms in a trap lioll . Fourier-transforming 
into momentum space one needs to take some care of not interchanging integrations and obtains 

'In 



(? 3 /3)* 



v w = 1 - D ' = 1 -bn3: (9) 



where the ... marks the place of the term with which the potential is multiplied. One sees that the regularization of the 
contact potential ([8]l at zero distance translates into a regularization at large momentum. We can solve the T-matrix 
(0 and obtain 

1 -D q 

T(co) = A — q - (10) 
1 - AJ{a>) 

with 

90 

J ^=TT^3 f dq(l-D q ) i_- = -^[-V=^J] + of-). (11) 



which leads to (0 for the T-matrix. In other words the regularized contact interaction performs the same regularization 
as the cut-off discussed above. 

The ID potential does not require a cut-off QS|] m J(w) and indeed leads to A — 4-nh 2 / 'mao and 



T w (oS)= V . (12) 

m 1 + 2a yl-mcj 

The 2D case involves some regularization function |8] and can be discussed analogously as above. 
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The fact that no repulsion is possible to describe with contact interactions irrespective of whether the scattering 
length is positive or negative, can be seen also by approaching the contact interaction in the limit of known potentials. 
As a first example, the rectangular sphere potential with radius R and scaling length L 



V(r) 



2mLR 

leads to the phase shift (problem 84 of JfJ) 



®(R - r) 



2mL 



5(f) forfl ^ 



= kR\ 



tanh y/R/L 

JrJl 



- 1 



which provides ciq = - j^R 2 approaching zero in the limit of contact interaction R 
opaque wall potential 



V(r) 

which leads to a phase shift (problem 86 of |01) 

tan(x + i 
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L x 



(13) 
(14) 

0. A second example is the 
(15) 

(16) 



with x = kR and one finds ao = -j^R 2 which vanishes as well in the limit of zero (hard-core like) radius R. The 
consequence is that with a repulsive contact interaction it is not possible to generate qq < and therefore repulsion. 

There is a deep reason behind this impossibility to generate repulsive behavior with contact interactions. Eugene 
P. Wigner proved a theorem, that the momentum derivative of the s-wave phase shift obeys 111 111 



sin (20 + 2kR) 
2k 



(17) 



where R is the range beyond which the potential vanishes. Alternative derivations are presented in B121I13I1 . Denoting 

Rer 



f(k) = kcotfi = k 



ImT 



— + l -r k 2 + Oik 3 ) 
ao 2 



corresponding to the effective-range expansion of the T-matrix, 



h 2 k 2 
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ik + Oik 3 ) , 



the theorem ( fTTT i translates into 



k d -l <f [1 -cos 2kR] 4 2 -f)^- + R{k 2 + f 2 ) 



and inserting (Qj) yields ifllH 



r < 2R 



2\ 
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+ O(k). 



(18) 



(19) 



(20) 



(21) 



Irrespective of the sign of ao, the right hand side of (fJTJ is positive and vanishes for R — > 0. A vanishing potential 
range R means exactly contact interaction and we obtain a negative effective range ro < which shows that repulsive 
behavior cannot be obtained with the help of contact interactions. Only if a small cut-off qo <0(1/ ro) is used one can 
preserve ro > 11411 . However then the effective potential is no longer a contact one but becomes an effective finite- 
range potential due to the introduction of the ad-hoc cut-off. This can be illustrated by the example of a separable 
interaction Vt,k' — ^.gkgk' where the form factors gk = y 2 l(y 2 + k 2 ) II 1 511 are controlled by the range parameter y, 
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for other form factors see II 1611 . One obtains the same formula (f5]l if qo = nhy/A. The cut-off qu can be therefore 
understood as range parameter y of an equivalent separable potential. Since the latter one describes a finite range, the 
cut-off introduces an effective finite-range potential. 

Summarizing, the contact interaction often used in treatments of interacting Bose gases implies, due to the nec- 
essary regularization, an attractive potential irrespective of the sign of the used scattering length. A result is the 
appearance of bound states and therefore a change in the sign of the scattering length IU7U18I1 . The problems arising 
from the use of contact interactions have there origin in the two-particle scattering and are therefore independent of 
the temperature and also independent of whether the particles are bosons or fermions. 
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